AN APPLICATION OF EXPANDERS TO M{l2)(E)B{h) 
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Abstract. With the help of Kirchberg's and Selberg's theorems, we prove 
that the minimal tensor product of 8(^2) with itself does not have the WEP 
(weak expectation property) of Lance. 



1. Introduction 

Kirchberg Q showed a remarkable theorem that there is a unique C*-norm 
on the tensor product between a C*-algebra with the LLP and a C*-algebra with 
the WEP. (See p2{ for a simpler proof.) In the same paper, he raised several 
interesting problems. Among others, he asked if there is a unique C*-norm on the 
tensor product of 8(^2) with itself. This problem was solved negativel y by Junge 



and Pisier |JP|. Their second approach uses the expanders (see also [ Va2 ] ) . We 



refer the reader to a book of Lubotzky |Lu| for the information of expanders. In this 



paper, we will give another application of expanders (or more precisely, of Selberg's 
theorem js^) to the tensor product of 8(^2) with itself. Our proof proceeds in 



the same spirit as that of Junge and Pisier |JP| (and also of Voiculescu |Vo|) to 
produce an uncountable family of operator spaces inside a separable metric space 
of operator spaces embeddable into the full group C*-algebra C*(F) of a free group 



F. See [JP] for the detail. 



Theorem 1. The C* -algebra 1(^2) «)min B(^2) does not have the WEP. 

This theorem is a corollary of the following proposition, which is of independent 
interest. 

Proposition 2. There are a set A and an action a of T = PSL{2,Z) on A (as 
permutations) such that the corresponding full crossed product ^oo(A) x T does not 
have the LLP. 

We recall that an action a of a discrete group F on a C*-algebra ^ is a homo- 
morphism of F into the group of ^-automorphisms of A. A C*-algebra with an 
action of F is called a F-C*-algebra and a map between F-C*-algebras is said to 
be F-equivariant if the map is compatible with the F- actions. The full crossed 
product C*-algebra yl Xq F is then defined as the universal C*-algebra gener- 
ated by a copy of A and a unitary representation U of T under the relation 
AdU{g){a) = U{g)aU{g)* = a{g){a) for g E T and a e A. We wiU often omit 
a and denote the full crossed C*-algebra simply by A xi F. It follows from the 
F-equivariant Stinespring theorem that a F-equivariant unital completely positive 
map between F-C*-algebras naturally extends to a unital completely positive map 
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between their full crossed products. This fact will be used in the proof of Lemma 

s 

We recall the definitions of the LLP and the WEP Q. 

Definition 3. A unital C*-algebra A has the LLP (the local lifting property) if 
for any unital completely positive map (j) from A into a quotient C*-algebra B/ J 
and any finite dimensional operator subsystem E in A, there is a unital completely 
positive lifting oi ip: E B oi (^|_e- A C*-algebra A has the WEP (the weak 
expectation property) if for any faithful representation A C M{Ti.), there is a unital 
completely positive map $ from M{TC) into A** which is identical on A. 

Besides nuclear C*-algebras, a typical example of a C*-algebra with the LLP 
is the full group C*-algebra C*(Foo) of the free group Fqo on countably many 
generators and a typical example with the WEP is ^{£2), the C*-algebra of all 
bounded linear operators on the separable infinite dimensional Hilbert space £2- 



PisierjP2] showed that the LLP is closed under taking a full free product (see 
also [Bo I). It follows that the full group C*-algebra C*{T) has the LLP since F is 
isomorphic to the free product (Z/2Z) * (Z/3Z). As we mentioned in the beginning, 
Kirchberg proved the following. 

Tiieorem 4 (Kirchberg [Q). For C* -algebras A and B, we have 

(1) yl(K)min-B = A(g)inax-B A has the LLP and B has the WEP, 

(2) yl(X)minB(£2) = A«)maxB(^2) «/ and only if A has the LLP, 

(3) C*(Foo)«)min-B = C*(Foo)«)maxS if and only if B has the WEP. 

We use the following variant of the deep theorem of Selberg |Sq] which has already 



been applied to C*-algebras by Bekka |Bc| to show that some full group C*-algebras 



of residually finite groups are not residually finite dimensional C*-algebras. We refer 



the reader to Sections 4.3 and 4.4 in |Lu| for this theorem. 



Theorem 5 (Selberg jS^l)- The trivial representation of SL{2,Z) is isolated in 
the set of all unitary representations which factor through S'L(2,Z/mZ) for some 
m <eN. 

This theorem means that for any finite generating subset S of SL{2, Z), there are 
a constant Kg > and a continuous function ag : M>o M>o with 0:5(0) = such 
that the following holds; if tt is a unitary representation of SL{2, Z) on a Hilbert 
space H, which factors through SL{2,Z/mZ) for some m G N, and ^ g ?i is a 
unit vector with e = maxggg Wt^q^ ~ ^\\ < ng, then there is a unit vector rj ^ H 
such that TTgrj — rj for all g G SL{2,'Z) and ||^ — 77II < as{e). We observe here 
that the uniform convexity of a Hilbert space implies that, for each n, there is a 
continuous function /3„ : M>o M>o with /3„(0) = 0, such that the following holds: 
if ^1, . . . are vectors in H with ||^i|| < I such that || J27=i > '^(^ ~ 

— < Pni^) for all i. In particular, if ui = 1, U2, are contractions on Ti, 

with II Y^7=i "ill > "-(1 ^^)! then there is a unit vector ^ such that ||ui^ — ^|| < /?«(£) 
for all i. 

Acknowledgment. The author thanks Professor Eberhard Kirchberg for pointing 
out a mistake in an earlier draft. Professor Gilles Pisier for suggesting a clearer 
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2. Proofs 



We recall from [Pl|| JP| that OSd is the set of all d-dimensional operator spaces, 
equipped with the cb Banach Mazur distance topology. By the definition of the 
LLP, the set of d-dinicnsional operator subspaces of a (not necessarily separable) 
C*-algebra with the LLP is contained in the set of d-dimensional operator subspaces 
of the separable C*-algebra C*(Foo), and a fortiori, is separable in OSd- Therefore, 
to show a C*-algebra A does not have the LLP, it suffices to show that the set of 
d-dimensional operator subspaces of A is not separable for some d. This was done 



by Junge and Pisier |JP] for A ~ B(^2)- In this section, we will find an explicit 
example of an action cr of F = PSL{2, Z) on a set A and d such that the set of 
ci-dimensional operator subspaces of €00 (A) x P is non-separable. 

For each prime number p, we let Ap be the projective space (Z^ — {0})/Zp, 
where is the two dimensional vector space over the finite field Zp = Z/pZ. We 
observe |Ap| = (p^ — l)/(p — 1) = p + 1 and denote by [t] the equivalence class of 
{t 1)-^ for t ^ Zp and by [00] the equivalence class of (1 0)"^. The action of F on Z^ 
(through linear transformation by SL{2, Zp)) induces a transitive action cTp of F on 
the set Ap. Let TTp be the corresponding unitary representation of F on ^2(Ap). For 
example, letting 

I \) >„a ..(_°^ J 

be elements in F, we have 7rp(/i)(5[j] = ^[t+i\ and 7rp(fc)(5[f] — <5[-f-i] for all t in 
Zp U CO. Let Xp = l^pl"^''^ SxeAp ^ ^2(Ap) be the constant function of norm 1 
and let z G ]B(€2(Ap)) be the projection onto the one dimensional subspace Cxp. 
We observe that z is in the center of C*(7rp(r)). Let ti° be the subrepresentation 
of TTp, which is the restriction to the subspace (1 — z)i?2(Ap). 

Lemma 6. The representation 7r° is irreducible for every prime number p. 



Proof. This is well-known (cf. p71-72 in |FH|), but we include the proof for the 
reader's convenience. We assert that the eigenspace F oiTip{h) w.r.t. the eigenvalue 
1 is the two dimensional subspace F' spanned by Xp and 5[oo]- Indeed, if C = 
StGZ uoo '^(^)'^[t] then it follows from the equation Trp{h)( = ^ that c(t) = 

c(0) for all t G Zp. This shows F C F', while the converse inclusion is clear. 
Therefore, C*(7rp(F)) contains the rank one projection onto the subspace spanned 
by (1 — z)6[ao] and the irreducibility of 7r° follows from the transitivity of ap. □ 

Combined with Schur's lemma, this implies that, for p q, any fixed vector for 
the representation 'W^®'Kp is a scalar multiple of Xq (g) Xp, where tt^ is the conjugate 
representation of tt^ on the conjugate Hilbert space i?2(Aq). 

Let be the set of all prime numbers and let A = Llpg^ Ap be the disjoint union. 
Then, the collection ((Tp)pgn induces an action cr of F on the set A and an action 
a on ^oo(A). We denote by U{g) the implementing unitary of 5 G F in the full 
crossed product £00 (A) xia P. Fixing a faithful representation C*(F) C B(7-^) of the 
full group C*-algebra of F, with u{g) denoting the unitary corresponding to 5 £ F, 
we define a covariant representation 

p:^oo(A)>^F^B(£2(A)cg)H) 

by €oo(A) 3 a ^ a 1 e B(^2(A) and F 3 g i-> Ti{g) ® u{g) e B(^2(A) H), 
where we put TT{g) = 0^^^^ jipig) e B(4(A)). 
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Lemma 7. The representation p is faithful. 

Proof. Consider the diagonal embedding of (^oo(A), a) into (B(^2(A)), AdTr). Since 
£00 (A) is the range of a F-equivariant conditional expectation from B(£2(A), the 
canonical morphism 

£oo(A) xr^B(^2(A)) X r 

ct Ad TT 

is faithful. Since Ad vr is inner, we have an isomorphism 

B(£2(A)) X r^B(^2(A)) ® C*{T), 

Ad TT max 

where the implementing unitaries U (g) in the left hand side are mapped to 7r(g) 
u(g) in the right hand side. It follows from the LLP of C*{T) and Theorem ^ that 

B(^2(A)) C*(r) =B(£2(A)) ® C*(r) CB(^2(A)0H). 

max min 

Composing these three morphisms, we obtain the conclusion. □ 

We fix a unitary Vp in ^oo(Ap) for each p with {vpXp \ Xp) — and define an 
element v^^ in ^oo(A), for each subset uj of fl, by 

/ \ / ''^p(2^) if a; G Ap with p G 
^'"^^^ " \ if X G Ap with p(^uj. 

Let 5 = {I,h,k} be the finite set of generators of F and let E^^, for each subset 
w of f2, be the four dimensional operator space in £00 (A) x F spanned by Vcj and 
f/(5),5 6 5. 

Lemma 8. T/ie subset {Ei^ : lj a subset of VL) of OSi is non-separable in the cb 
Banach-Mazur distance topology. 

Proof. To prove {E^}^ is non-separable, suppose the contrary that {E^^}^^ is sep- 
arable. We fix £ > 0. As it was argued in Remark 2.10 in |JP|, it follows that one 
can find distinct w and lj' , and q ^ lj' \ uj such that there is a complete contraction 
ip: E^ E^, with \\v^, - (p{vu;)\\ < e and \\U{g) - (p{U{g))\\ < e for g G 5. Let 
ifq-. £00 (A) X F — ^ M{£2{Aq)) be the covariant representation corresponding to the 
quotient map from ^oo(A) onto ^oo(Ag) C M{£2{Aq)) and the unitary representa- 
tion TTq of F on €2(Ag). It follows that ijj = if q o ip is a complete contraction with 
\\vq — < £ and ||7rg((7) — (5)) || < e for g G 5. Hence, we have that 



\\vq ® + 2^^9(5) ® ^(5)llB(£j(Aj)®„.„(f^(A)xr) 
ges 



> \\Vq ® + 2^ TTqig) ^ ( C?) ) 1 1 B(ITO»£, (A, )) 

ges 

> IK®^^9 + I]'r9(3)®^«(5)llB(fe(A;)®fe(A,)) 

-4(l-e). 

Combining the above inequality with Lemma 0, we have 



lit;, ®v^^l + J2 ^1(9) ® ^(5) ® "(5)IIb(maj«£,(A)®w) > 4(1 - 

g&S 

By the uniform convexity of Hilbert spaces, we can find a unit vector 



{x,y)£AgXA 
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such that 

\\C-{v^®v^® 1)C\\ < Pie) and ||C - (^g(ff) 7r(g) ® u{g))C\\ < /5(e) 

for g ^ S, where /3: M>o — ^ K>o is a continuous function with /3(0) = (cf. the 
remarks following Theorem ^). ^From the first inequality and the fact that q ^ ui, 
we may assume that C is zero on Aq x Aq. We put 

e= S^®Sy\\C{x,y)\\e'^Aq)(g>£2iA). 

It follows that 



/3(e) > IIC-(7rg(g)®^(.9)®M(.9))Clii^^£,(A)55„ 

6a:®6y® (^Cix, y) - u{g)C{aq{g~^)x, (T{g^^)y) 



lf2(Ag)®fe(A)«iH 



> 



{x,y)eAqXA 

II J2 S:(^6y{\\C{x,y)\\-\\uig)aaqig-')x,aig' 

{x,y)eA,xA 



l^2(A,)®^2(A) 



for g S. We are now in position to employ Selberg's theorem. Indeed, the unit 
vector ^ is zero on Aq x and, for p ^ q, Lemma ^ implies that any fixed vector 
for the representation 7f^ (8) TTp is a scalar multiple of ^ Xp- Thus, it follows from 
Theorem ^ that 

for some unit vector rj G ^2(A), where a : K>o is a continuous function with 

q;(0) = (cf. the remarks following Theorem |^). Finally, we have 

m > iic-(i^®^'a,®i)cii 

= U-iv^®v^)C\\ 

> ll(x^«"7)-(w^«'Wt^)(x^®^)ll -2a(/3(e)) 
= 2i/2 _ 2a(/3(£)) 

(recall that we chose Vp so that Xp -L '^pXp); but this gives a contradiction when 
e > is chosen sufficiently small. This completes the proof. □ 

We now prove Proposition ^ and Theorem 0. 

Proof. Proposition || follows from Lemma ^ as we have explained in the first 
paragraph of this section. We turn to the proof of Theorem 0. To show that 
IB(^2) ®min B(£2) does not have the WEP, suppose the contrary that 8(^2) ®min 8(^2) 
has the WEP. We take A as in Proposition || so that, by Theorem ^, 

(^00 (A) X P) (8 IB(4) ^ (£00 (A) X P) ® M{£2). 

min max 

By universality, we have the canonical isomorphism 

{£^{A) X P) 8(^2) - (^oo(A) B(4)) X P, 

max min 

here P acts on 8(^2) trivially. By the assumption that B(£2(A)) ®minB(^2) has the 
WEP, arguing as Lemma ^ one can show that the canonical morphism 

(e^iA) ® 1(^2)) X P C B(^2(A) ® £2 H) 
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is faithful. Composing these, we have a faithful representation 
(^oo(A) X r) ® B(£2) ^ B(^2(A) ®n®i2) 

max 

which obviously factors through (£oo(A) x F) (8)inin 8(^2)- This is absurd. □ 

Appendix A. A pathology in equivariant ii'i^-THEORY 

With the help of Wassermann's construction we prove the following. 

Theorem A.l. Let T = SL{3,Z) and let M = 0^=1 ^^^^s « ^^"^^ ea:arf 
sequence of separable commutative T-C* -algebras 0—^J—^B—^A—^0 such that 
the corresponding sequence 

Kq{M (g) (J X r)) Ko{M (x){B >o r)) ^ Ko{M ® (A x T)) 

min min min 

is not exact. 

Corollary A. 2. The six-term exact sequence in T-equivariant K K -theory fails to 
hold for the short exact sequence of separable commutative T-C* -algebras appearing 



in Theorem A.l 



This corollary was pointed out by Skandalis and the proof is almost the same as 
|S1^ . Maghfoul jM| proved that such a pathology does not occur under a certain 
if-theoretical amen ability condition on T. On the other hand, Higson, Lafforgue 
and Skandalis [HLS| found a similar pathology for Gromov's non-exact group F 



From now on, we denote the group SL{3, Z) by F. For each prime number p, we 
let Ap be the projective space (Z^ — {0})/Zp and observe that |Ap| — {p^ — l)/{p — 
1) — p^ -\-p-\-l. The action of F on Zp (through linear transformation by SL{3, Zp)) 
induces a transitive action ap of F on the set Ap. Let TTp be the corresponding 
unitary representation of F on £2(Ap). Let Xp — \^p\~^^'^ J2xeA G £2(Ap) be 
the constant function of norm 1 and let z € B(£2(Ap)) be the projection onto the 
one dimensional subspace Cxp- We observe that z is in the center of C*(7rp(F)). 
Let TT° be the subrepresentation of TTp, which is the restriction to the subspace 
(1 — z)^2(Ap). A similar proof to that of Lemma || in Section || yields the following 
lemma. 

Lemma A. 3. The representation tt° is irreducible for every prime number p. 

Let n be an infinite set of odd prime numbers such that p,q d Q and p > q 
implies that p = 1 mod q (and in particular p > 2q) . Such an infinite set Q exists 
by Dirichlct's theorem. For each p € ft, we define the subset Xp C Ap by 

Xp = {(1 a 5)^ G Ap : a = 0,2,4, .. 1, be Zp} 

and observe that |Ap|/3 < \Xp\ = [p^ +p)l'i < |Ap|/2. For h = I3 -\- 621 € F, we 
have that 

crp{h'^)Xp n Xp n (jp{h-'i)Xp = 

whenever p^q £ Q, are distinct. Indeed, this easily follows from the fact that we 
have either q = 1 mod p (and hence (Tp{h'^) = a-p{h)) or 2q < p when p,q G fl are 
distinct. The action ap induces an action of F on ^oo(Ap) and on npeo^oo(Ap). 
We often identify ^oo(Ap) with the diagonal of B(^2(Ap)). For each p E il, let 
Gp G ^00 (Ap) be the characteristic function of Xp. Let e — (ep)p G Open ^00 (Ap) be 
a projection, B be the unital separable F-C*-subalgebra of Hpesi ^oo{-^p) generated 
by e and J — ®pgf2^oo(Ap) a-nd let Q be the F-equivariant quotient from B onto 
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A ^ B/J. We denote by U (g) the implementing unitary of g e F in the full crossed 
product B xT. 

For M = riqen ®(^2(Ag)) and a fixed finite symmetric set S of generators of 
F containing the unit, we define a selfadjoint element s and a projection t in 

M(g,^iniB X F) by 

s = 7^ ^ n{g) (g) U{g) and i = e e + (1 - e) ® (1 - e), 
where 7r(g) = {■nq{g))q G Hqesi ®(^2(A<;)). Since F = 5L(3,Z) has the Kazhdan 



property |FV[ |lVal[ , there is < e < 1 such that Sp(s) C [-l,l-e]U{l} (cf. the 
remarks following Theorem ||). We will prove that the spectrum of r = s + t has a 
gap around 2. For this reason, we decompose r into a direct sum. For each g G $7, 
let Qq be the canonical quotient from Hpeo ^oo(Ap) onto foo(Ag), and let Q'^ be the 
canonical quotient from Wp^^^oai^p) onto Ilpenvjg} ^oo(Ag). We still denote their 
restriction to B by Qp and Q'^ and let = Qp{B) — £oo{\) and A'^ = Qp(_B). 
Since we have B = AqiSA'^ as a F-C*-algebra, B xi F = y4g x F© A'^ x F. Therefore, 
we have 

M ® (B X F) C IT ( B(Z;(A;)) ® (A, X F) ® M{I^q)) ® (A^ x F) 

min T, V min min 

We denote respectively by r^, Sq and the direct summands of r, s and t in 
B(^2(Ag)) ^miniAq X F) and by r^, and the direct summands of r, s and t in 

B(^^))®minK Xr). 

Lemma A.4. We have 2 G Sp(rg) C [-1, 2 - lO^-^e] U {2} and Sp(r^) C [-1, 2 - 
10-%]. 

Proof. Let C*(F) C B(7Y) be a faithful representation and denote by u{g) the 
unitary in C*(F) corresponding to 5 G F. Since Aq = ^oo(Ag) is finite dimensional, 
it is not hard to see that the representation of Ag x F on ^2(Ag) (g) Ti. given by 
v4g 9 a a ® 1 and F 9 (7 1— > TTq{g) ® u{g) is faithful. Hence, we have 

Sg = '^TTqig) ®TTq{g) and ig = g) Cg (g) 1 + (1 - eg) (1 - Cg) 1 



on ^2(Ag) (g)^2(Ag) ® We identify the Hilbcrt space £2(Ag) (g)^2(Ag) (g)7Y with the 
space JC of Hilbert-Schmidt operators from i?2(Ag) to ^2(Ag) ®H so that 7rg((7) g) 
TTq{g) g) acts on /C by /C 9 T i-^ ("'9(5) ^ u{g))TiTq{g)* G /C. Then, it follows 
from the uniform convexity of a Hilbert space (cf. the remarks following Theorem 
H) that the eigenspace /Co of Sg w.r.t. the eigenvalue 1 is 

/Co = {T G /C : (7rg(5) ® u{g))TTrqig)* = T for all g G F}. 

For each ^ : Ag ^ ?i, we associate S'j G /C defined by S^{dx) — Sx<E)^x and then we 
define the subspace /Ci of /C by 

/Ci = {S^ G /C : ^ satisfies u{g)S^x — ^^,(3)2; for all a; G Ag and g G F}. 

Since 7i contains a non-zero fixed vector for the unitary representation u, it is 
not too difficult to see that /Ci is non-empty and contained in the intersection of 
eigenspaces of Sq and tq w.r.t. the eigenvalues 1 (and hence rq\)c^ — 2). We claim 
that Sp(rgl^i) C [-1,2 - lO^^e]. This easily follows if we prove that \\tq{T)\\ < 
(25/36)i/2||rl| for any T G /Co /Ci. To prove this, we give ourselves T G /Co /Ci 
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of norm 1. Since T G /Co, we have that ^ : A, H, given by £_x = {TSx){x), 
satisfies u{g)£_x — S,ag(g)x for every x e Aq and g E T. It follows that = (T, S^)fc — 
Ex \\iTSx)ix)f and hence {TSx){x) = for all x G A,. We define f G B(^2(A,)) 
by fSx = \TSx\, where for ( G £2{A.q) (g) H, the vector |C| G hi^q) is given by 
|C|(a;) = IICC^;)!!^- Since T commutes with 7rg(r) and its diagonal entries are zero, 
it follows from Lemma A. 3 that T = Al + /iz with nX + = 0, where n = |Ag|. 

((l-e,)0l)r(l- 



Since ||T|| ^ \\T 
WtqiTW 



1 , we obtain T 
|(e, (8l)Te, 4 
MSx)] 



1). Therefore, we have 



--9 

E 



1^ 



E 

XeAg\Xg 



il-eq)nSx)\\' 



= {n{n - 1))-\\X,\{\X,\ - 1) + (n - \X,\){n ~ \X,\ - 1)) 
< (1/2)2 + (2/3)2 = 25/36 

since n/3 < jATql < n/2. This completes the proof of the first half. 

Take a faithful representation x F C B(7i) and denote = (5g(e) G A'^ and 
Uq{g) G A^ X r the implementing unitary for g G F. Then, by the construction, we 
have 

/ := i-\kAU'^{h^){e'^) + e; + kAU'^{h-^){e'^)) < 2/3 
in A'g as ap{h'')Xp dXpC] ap{h-'')Xp = for all p G 17 \ {q}. We note that 

4 = E^^® ^9(5) and 



e^®e'g + (l-eg)® (l-e^) 



on ■^2(Aq) ® H. We identify the Hilbert space ^2(Ag) (g) with the space JC of 
Hilbert- Schmidt operators from ^2(Ag) to 7i so that Trq{g) (3 ?7^((7) acts on IC by 
K. 3 T 1-^ Uq{g)T'Kq{g)* G /C. Then, it follows from the uniform convexity of a 
Hilbert space (cf. the remarks following Theorem H) that the eigenspace A^o of s'^ 
w.r.t. the eigenvalue 1 is 



]Ca = {TEK:U'q{g)T^q{gr 
\T\\ 



T for all g G T}. 



We claim that ||t',(r)|| < (8/9)^/2 ||T|| for any T G /Cq. Then the second half of 
this lemma follows. To prove this, we give ourselves T G /Co of norm 1. Since 
U'q{hi)T = T-Kgihi) = T, we have 

\\t,{T)r = Tr(r*e;re,+T*(l-e;)r(l-e,)) 
= TiiT*fTeg + T*{l- f)T{l~eq)) 



< l-3"^Tr(r*re 



Since T*T commutes with nq(r), it follows from Lemma [A.3| that T*T = XI + 
for some real number A and fi with A|Ag| +/i = 1. Hence, we have that Tr(T*Teg) = 
Xg|/|Ag| > 1/3. This completes the proof. □ 



We now prove Theorem A.l 



Proof. Since we have Sp(r) C [—1,2 — 10~''e] U {2} by Lemma A. 4, the spectral 
projection d of r corresponding to the spectral subset {2} is contained in the C*- 
algebra M(8>min(S x T). Since 



M » (A X F) c TT 

mill 

qen 



2iAq)) ® (A X F) 
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and the quotient Q from B onto A factors through A' for each q E il, we have 



that (idM ® Q){d) = by Lemma A. 4, where Q is the quotient from B y\T onto 
A "aT induced by Q. Finally, we observe that the Xg-element corresponding to d 
does not come from _fi'o(-^ ®min(>^ >^ T)) as any element from Kq{M ^^^^{J x F)) 
vanishes on for all but finitely many q G 11, where is the tracial state on 
B(£2(Aq)) ®min B(£2(A,)) evaluated through Tf, : S >^ F ^ B(^2(Aq)). □ 
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